Characteristic dips appear in the coherence traces of a probe qubit when dynamical decoupling (DD) is applied in synchrony with the precession of target nuclear spins, forming the basis for nanoscale nuclear magnetic resonance (NMR). The frequency of the microwave control pulses is chosen to match the qubit transition but this can be detuned from resonance by experimental errors, hyperfine coupling intrinsic to the qubit, or inhomogeneous broadening. The detuning acts as an additional static field which is generally assumed to be completely removed in Hahn echo and DD experiments. Here we demonstrate that this is not the case in the presence of finite pulse-durations, where a detuning can drastically alter the coherence response of the probe qubit, with important implications for sensing applications. Using the electronic spin associated with a nitrogen-vacancy centre in diamond as a test qubit system, we analytically and experimentally study the qubit coherence response under CPMG and XY8 dynamical decoupling control schemes in the presence of finite pulse-durations and static detunings. Most striking is the splitting of the NMR resonance under CPMG, whereas under XY8 the amplitude of the NMR signal is modulated. Our work shows that the detuning error must not be neglected when extracting data from quantum sensor coherence traces.
I. INTRODUCTION
In the last decade, the nitrogen-vacancy (NV) centre in diamond [1] has emerged as a leading qubit system for the development of quantum technologies. The optical addressability and long coherence times (even at room temperature) of its electronic spin make the NV an excellent platform for quantum sensing [2] [3] [4] [5] , computing [6] [7] [8] and devices [9] . A particularly promising application is nanoscale nuclear magnetic resonance (NMR), which relies on the ability of the NV to detect the weak oscillating signals from target nuclear spins using dynamical decoupling (DD) schemes [4, 5, [10] [11] [12] . These methods have been used to detect single nuclear spins and spin clusters inside the diamond [13] [14] [15] [16] , ensembles of nuclear spins on the diamond surface [17] [18] [19] [20] and ultimately single nuclear spins on the diamond surface [21] [22] [23] . DD is also utilised in protocols for increasing spectral resolution [24] [25] [26] [27] [28] [29] and controlling nuclear spins in spin registers [6, 8] .
NMR detection with DD relies on the fact that DD normally protects a qubit state from decoherence by averaging out the effects of environmental noise [30] [31] [32] . When the DD pulses are applied in synchrony with a nuclear spin signal, the decoupling fails and characteristic dips appear in coherence traces. The position and depth of these dips are used to extract information about the * jacob.lang.14@ucl.ac.uk † jtetienne@unimelb.edu.au incident signal, such as the number and spatial location of the target spins [21, 23, 33] . It is thus vitally important to be able to accurately model the sensor coherence response, including in the presence of unavoidable control errors.
In this work, we focus on the effect of a specific type of error in DD-based NMR sensing, namely detuning errors. A static detuning is present whenever the microwave frequency within each DD pulse does not match the qubit transition frequency, which for the NV corresponds to one of the m s = 0 ↔ m s = ±1 spin transitions. Detunings emerge from experimental errors in the microwave driving frequency but also from more intrinsic sources that shift the qubit frequency itself, such as hyperfine splittings from the host nitrogen spin of the NV as well as inhomogeneous broadening due to the fluctuating environment. For instantaneous pulses, detuning errors can generally be neglected when modelling Hahn echo and DD experiments as the static field is completely refocussed after each pulse. This is how the Hahn echo and DD protocols extend the coherence of the NV spin from the dephasing time, T * 2 , to the true coherence time, T 2 [10] . Here we show, however, that in the presence of finite pulse-durations [34] , the microwave detuning error can no longer be ignored and can have drastic effects on the sensor coherence response. In particular, we find that detunings can split the NMR resonance in CPMG based detection, and modulate the resonance amplitude under the XY8 sequence. We investigate these effects both analytically, by deriving new expressions for the arXiv:1809.03234v1 [quant-ph] 10 Sep 2018 sensor coherence response to a classical field under finiteduration-pulse control, and experimentally, by detecting an ensemble of protons spins prepared on the diamond surface using near-surface NV centres. Our findings have immediate ramifications for experiments that rely on the position or strength of the coherence dip to extract information from the environment. More broadly, these effects present an interesting class of problems as they cannot be captured by instantaneous pulse models. Whilst many studies have focussed on the decoupling efficiency of different DD sequences to errors [35] [36] [37] [38] [39] [40] [41] , our work represents a new study of the detuning effect on the resonant dip associated with nuclear spin detection.
The manuscript is organised as follows. We first detail our methods (Sec. II) for the theoretical description of DD sequences in the presence of static detunings and finite-duration pulses (II A) and for the experimental verification (II B). In Sec. III, we present the results in the case of the CPMG sequence, whereas Sec. IV is devoted to the XY8 sequence. Finally, we discuss the implications of these findings and future work (Sec. V).
II. METHODS

A. Theory
The detection of a large ensemble of weakly coupled nuclear spins is well described by a semi-classical model, which treats the sensor quantum mechanically but represents the nuclear spin signal as a classical field [13, 33] . To include the effect of detuning errors and finite-duration pulses, we derive here a new expression for the sensor coherence response. We consider a spin qubit subject to a classical signal and dynamical decoupling control (Fig. 1a) . The classical signal can be modelled by a timedependent magnetic field, B(t) = (B x (t), B y (t), B z (t)), but in the presence of a large external magnetic field applied along the z-axis -or, in the case of the NV centre, due to a large zero-field splitting -only the z-component of the signal field survives the pure-dephasing approximation. The dynamical decoupling is modelled by the pulse Hamiltonian,Ĥ p (t) = ∆Ŝ z + N m=1 Ω(t − t m )Ŝ φm , which describes a sequence of N pulses at times t m (spaced by τ ) about the axes described by the phase φ m and with a shape Ω(t) which is zero outside some width t p . The pulse Hamiltonian is presented in the frame rotating with the microwave frequency (neglecting counter-rotating terms) that is detuned from resonance by ∆.
The Hamiltonian can be written in the toggling frame, the frame rotating underĤ p (t) (see Appendix A), aŝ
where γ e = −28 GHz/T × 2π is the gyromagnetic ratio of the qubit andσ i are the usual Pauli matrices. The f i (t) are the modulation functions which generalise the single, square-wave modulation function used in many semi-classical and quantum models [13, 41, [43] [44] [45] [46] . Due to the finite duration, t p , of the microwave π-pulses, the qubit state is not instantaneously inverted but has some finite-duration transit. In the limit of t p → 0, the parallel modulation function, f z (t), recovers this stepped modulation function whilst the perpendicular modulation functions, f x,y (t), vanish. For finite pulse-durations, however, the perpendicular modulations are non-zero introducing some spin-mixing into a previously pure-dephasing Hamiltonian. These generalised modulation functions have been described previously [47] but here we include a static microwave detuning in the pulse Hamiltonian which modifies their behaviour.
To model the coherence response under this finite pulse control, we follow closely the derivation for the instantaneous pulse case [13, 33, 44] . We find that, after a DD sequence of total length t total , the coherence is
where S(ω) is the noise spectrum of the classical signal (resulting from the magnetic field
dt is the spectrum of the ith modulation function. This expression can be interpreted the standard way -the DD sequence creates a narrow-band filter (with filter function |f(ω)| 2 ) that is scanned across the bath noise spectrum as the pulse spacing τ is increased. For instantaneous pulses, Eq. (2) reduces exactly to the usual semi-classical expression as f x,y (ω) = 0 and the filter function is simply |f(ω)| 2 = |f z (ω)| 2 [13] . The inclusion of detuning errors and finiteduration pulses alters this filter function and thus the coherence response. In Sec. III, we specifically analyse the response of the CPMG sequence to detuning errors in the presence of finite-duration pulses. We study the modulation functions and their spectra to predict the effect of the coherence response -a drastic splitting of the characteristic dip. This prediction is verified experimentally. In Sec. IV, we examine the effect of detuning errors on the coherence signals under XY8 control. Both instances have implications for experiments that extract information from the dip position or strength.
B. Experiment
To experimentally test our predictions, we performed measurements on single NV centres implanted in a (001)-oriented electronic-grade diamond purchased from Delaware Diamond Knives and overgrown with 2 µm of 12 C-enriched (99.95%) diamond [48] .
15 N + ions were implanted (InnovIon) at a fluence of 10 9 ions/cm 2 and energy of 3 keV, corresponding to NV depths in the range 5 − 10 nm [49, 50] . Following implantation, the diamond was annealed at 950
• C for 2h in a vacuum of ∼ 10 −5 Torr, ) is shown, with the shading of the lines denoting the amount of nuclear spin polarisation under optical pumping, in particular near the ESLAC at B ≈ 500G the nuclear spin is almost fully polarised into the mI = − acid cleaned (15 minutes in a boiling mixture of sulphuric acid and sodium nitrate) and annealed at 500
• C for 4h in an oxygen atmosphere [23, 51] .
As a target sample, we applied a layer of immersion oil to the diamond surface (Fig. 1b) , resulting in an effectively semi-infinite bath of proton spins with a density of about 60 nm −3 [17, 33] . An external magnetic field B 0 was applied along the NV axis to lift the degeneracy between the m s = ±1 spin sublevels, with the microwave driving field (frequency ω) approximately resonant with the m s = 0 ↔ −1 transition (Fig. 1c) . The magnetic field was applied using a temperature-controlled permanent magnet to minimise magnetic field drifts [52] . Due to hyperfine coupling with the 15 N nuclear spin of the NV (a spin-1 2 ), the electronic spin transition m s = 0 ↔ −1 has in fact two possible frequencies depending on the state of the nuclear spin, m I = ± 1 2 , separated by about 3 MHz [42] . This gives rise to an intrinsic detuning since the driving microwave field cannot be resonant with both transitions simultaneously. In this paper, however, we chose the strength of the external magnetic field to be near the excited state level anti-crossing (ESLAC), i.e. B 0 ≈ 500 G, where the 15 N spin is efficiently polarised into the m I = − 1 2 state under optical pumping [42] (Fig. 1c) . This allows us to study the case of a single qubit frequency, denoted as ω NV , with an independent control over the detuning ∆ = ω − ω NV . Another motivation for working near the ESLAC is to facilitate the alignment of B 0 , which can be aligned within a few degrees of the NV axis by using the angle-dependent photoluminescence (PL) induced by the ESLAC [53] [54] [55] .
The microwave field was applied using a loop antenna placed in proximity of the diamond. The antenna was connected to a signal generator (Rohde & Schwarz SMBV100A) gated through the built-in IQ modulation by a pulse pattern generator (SpinCore PulseBlasterESR-PRO 500 MHz) to generate the DD sequences. The microwave pulse shape is roughly flat topped with a measured rise/fall time of < 4 ns, limited by the bandwidth of the IQ modulation. For each NV studied, we first recorded an optically detected magnetic resonance (ODMR) spectrum at low microwave power to determine the NV transition frequency, ω NV . We then performed a Rabi measurement at high microwave power and zero detuning to determine the π-pulse duration (t p ) used in the subsequent DD measurements, setting t p at the position of the first trough seen in the Rabi oscillations. When a detuning was applied during a DD measurement, the microwave power and pulse duration t p were kept constant as determined at zero detuning. We note that the Rabi frequency of the pulses, Ω = π/t p , was always larger than the detuning.
To account for drifts in the NV frequency, we measured ω NV via ODMR both before and after the DD measurement and defined the detuning as the difference ∆ = ω −ω NV whereω NV is the mean NV transition frequency. Drifts in ω NV of up to 0.2 MHz were observed over the course of a few hours (a typical acquisition time for a single NMR spectrum), mainly caused by residual temperature fluctuations of the magnet [52] . As such, an uncertainty of ±0.1 MHz is associated with the quoted values of the detuning ∆. In the DD experiments, we scanned the pulse spacing τ and measured the difference ∆S = (S 0 − S 1 ) where S 0 (S 1 ) is the photon count after the DD sequence when the final π/2 pulse projects the NV spin coherence onto the |0 (| − 1 ) state. The spectrum is then normalised to the τ = 0 case, giving a measure of the spin coherence. All measurements are carried out at room temperature. Figure 2a shows the CPMG modulation functions in the time domain for finite-duration pulses with and without a detuning error. For zero detuning, these modulation functions repeat with a 2-pulse period and have the resonant frequency ω DD = π/τ where τ is the pulse spacing. For non-zero detuning, each pulse accumulates a small error and this imprints a slow oscillation onto the modulation functions (this can be best seen in f z (t)). This beating oscillation splits the resonant frequency of the CPMG sequence. Figure 2b shows the filter function |f(ω)| 2 resulting from these modulation functions, which have a single peak at ω = ω DD for zero detuning and two peaks for non-zero detuning due to the accumulation of the pulse error. These two peaks at ω 1 and ω 2 are well resolved, i.e. the difference δω = ω 2 − ω 1 is much larger than the peak width (300 kHz against less than 50 kHz, for a detuning ∆/2π = 1.5 MHz). They have slightly different amplitudes, which are both roughly half of the amplitude of the non-split peak.
III. EFFECTS OF DETUNING IN CPMG BASED NMR
In Fig. 2c and 2d, the dependence of the filter function on detuning strength ∆ and pulse width t p is presented. The behaviour is symmetric about ∆ = 0 but not about the nominal resonant frequency ω DD . Indeed, although the two peaks ω 1 and ω 2 shift symmetrically in terms of position, with a non-trivial dependence on ∆, their amplitudes differ, with the ω 2 resonance being stronger than ω 1 for detunings up to |∆/2π| ≈ 2 MHz but weaker for larger detunings (Fig. 2c) . The pulse width scan for a constant non-zero detuning (Fig. 2d) reveals that the peak positions scale approximately linearly with t p , with again an asymmetry in amplitude. Importantly, we see that instantaneous pulses (t p = 0) are unaffected by the detuning (i.e. there is no splitting) and thus cannot be used to accurately model the effect of detuning.
To test these predictions experimentally, we measured the NV spin coherence while scanning the pulse spacing τ , which is equivalent to scanning the central frequency of the filter function, ω DD = π/τ . Since the proton ensemble generates a fluctuating signal peaked at the Larmor frequency ω L /2π ≈ 2.1 MHz, we expect a dip in coherence at τ = π/ω L ≈ 235 ns in the zero-detuning case, and two dips with a non-zero detuning. The results for a representative NV centre are shown in Fig. 3a , where the π-pulse duration was fixed to t p = 40 ns and the detuning varied from ∆/2π = +3 MHz to −3 MHz in steps of 0.5 MHz. The data indeed reveals two dips at times τ 1 and τ 2 for non-zero detunings, and reproduces the fact that the amplitude of the τ 2 dip (corresponding to the ω 1 peak in the filter function) is larger than for τ 1 at small detunings.
A direct comparison of theory and experiment is shown in Fig. 3b , which plots τ 1 and τ 2 as a function of the detuning as extracted from Fig. 3a (blue data) and as calculated for this situation (red lines). While there is a good qualitative agreement including the roll-over of τ 2 near |∆/2π| = 2.5 MHz, the splitting observed experimentally is larger than predicted. We repeated these experiments on several NV centres and systematically observed this trend. We attribute this discrepancy to a combination of pulse errors yet to be identified. We checked theoretically that a flip-angle error (i.e. an error in the choice of t p ) and/or a more realistic pulse shape do not produce a larger splitting. In Fig. 3c , we plotted the dip positions for a constant detuning ∆/2π = +1.5 MHz but varying pulse duration t p from 80 ns to 24 ns (the smallest pulse duration achievable with our set-up), confirming the prediction that the splitting increases with t p , although the measured splitting is again larger than predicted.
The splitting of the CPMG filter function as a function of detuning explains why the CPMG protocol is rarely used for the spectroscopy of weak narrow-band signals [17] (i.e. requiring a large number of π pulses resulting in a narrow-band filter function), since the shape of the main resonance is directly affected by inhomogeneous broadening or drifts (resulting in a broadening of the NMR dip), and the splitting induced by a static detuning can even be mistaken for two NMR dips from two different nuclear spin species. This effect may also be relevant to broadband noise spectroscopy where CPMG is sometimes used [56, 57] and τ is scanned over a large range (limited by t p for the highest frequencies), implying that the shape of the filter function is not constant across the scan and possibly resulting in spectral distortions. 
IV. EFFECTS OF DETUNING IN XY8 BASED NMR
We now investigate the effect of detuning on the XY8 sequence. Figure 4a shows the filter function |f(ω)| 2 for a constant pulse duration t p = 40 ns and different detunings. Unlike for the CPMG sequence, here the filter function exhibits a single resonance at ω DD = 1/2τ for detunings up to 2 MHz, with only a small splitting appearing at ∆/2π = 2.5 MHz. The amplitude of the single peak decreases when the detuning increases, with a 6% and 30% reduction at ∆/2π = 1.5 and 2.0 MHz, respectively.
We tested these detuning effects on the same NV as in Fig. 3a , with XY8-NMR spectra shown in Figs. 4b (positive detunings) and 4c (negative detunings). There is indeed a clear reduction in the amplitude of the dip as the detuning is increased. Moreover, the presence of a detuning reduces the baseline coherence and add modulations that interfere with the NMR dip especially at large detunings (in particular, the NMR dip is no longer resolved at ∆/2π = −2.5 MHz). These background coherence modulations arise from the detuning error on the qubit evolution even in the absence of noise, and as such are not captured by Eq. (2) (see Appendix). Experimentally, this is best seen in full-range decoherence curves (Fig. 4d) , where the presence of a detuning is seen to shorten the decoherence time T 2 and add large modulations that could be mistaken for NMR resonances. In contrast, the CPMG sequence is overall more robust to the detuning error, as can be seen by the ∆/2π = +3 MHz curve showing a similar T 2 as the zero-detuning XY8 case, with no significant modulations. This is consistent with previous works that found the CPMG sequence to perform better than XY8 in protecting a qubit with an initial state parallel to the axis of the CPMG π-pulses [37] [38] [39] [40] 58] .
To illustrate how these detuning effects can affect the interpretation of NMR data, we used the model of Ref. [33] (which assumes no detuning) to fit the experimental data and extract the dephasing time of the ensemble of nuclear spins producing the NMR signal, T * 2n
(related to the width of the NMR dip), and the depth of the NV centre, d NV (related to the amplitude for a given width). These parameters are plotted against the detuning ∆ in Fig. 4e , showing variations significantly larger than the uncertainty (from the fit). For instance, this model estimates T * 2n = 24±7 µs and d NV = 11.8±0.3 nm from the ∆/2π = +2 MHz data, against T * 2n = 12 ± 1 µs and d NV = 8.9 ± 0.1 nm at ∆ = 0. We stress that such detunings are sometimes unavoidable, due to inhomogeneous broadening (a 2 MHz ODMR linewidth is not uncommon in dense layers of near-surface NV centres [51] ) or hyperfine shifts, and as such this motivates the inclusion of detuning in the analysis of NMR data, or the development of pulse sequences that are less sensitive to detuning [41, 59, 60] .
V. CONCLUSION
In this work, we studied the effect of detuning errors in the context of NMR spectroscopy based on dynamical decoupling sequences applied to a qubit such as the NV centre in diamond. We found that the combination of non-zero detuning and finite pulse-duration gives rise to a splitting of the main resonance in the filter function for the CPMG sequence, and a modulation of the resonance amplitude for the XY8 sequence. These findings show that detuning errors, which are often unavoidable in experiments, must not be neglected when extracting quantitative information from NMR data, such as the number of spins in the sample or the depth of the NV centre. While in this paper we focused on two of the simplest dynamical decoupling sequences, CPMG and XY8, it would be interesting to investigate the effect of detunings on quantitative NMR sensing based on more advanced protocols specifically designed to be more robust against pulse errors [41, 59, 60] . Another direction of interest is the study of different combinations of pulse errors in the NMR context, such as finite pulse-durations combined with a flip-angle error (i.e. pulses that are not exactly π). Such studies will shed light into the optimal conditions to perform accurate, quantitative NMR spectroscopy, and may also unveil new ways to extract useful information from the qubit coherence data.
